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It is well known that partial differential equations (PDEs) are
special kind of nonlinear evolution equations. Already a large
number of authors [1–3] have derived the nonlinear PDEs con-
sidering different theoretical model equations. Many issues of
physical phenomena in nature may be described by solving the
nonlinear PDEs. The explicit solutions of these equations play
a vital role to study such physical phenomena in mathematical
physics. Thus, the nonlinear equations may become most excit-
ing and enormously active research areas for mathematicians,
physicists and engineers. On the other hand, the traveling wave
solutions play an essential role to study the models arising
from various natural and complex phenomena in the field ofapplied sciences and engineering. For instance, the wave prop-
agation phenomena were observed in optical fibers, elastic
media, quantum mechanics, fluids dynamics, chemical physics,
solid mechanics, biophysics, Higgs mechanism, quantum field
theory, plasma physics and so on. To obtain the exact solu-
tions of the nonlinear PDEs, the initial dominant mathemati-
cal tool was the inverse scattering method [4]. Some of other
most efficient methods for finding analytical solutions of the
nonlinear PDEs are the three-wave method [5], the improved
F-expansion method [6], the generalized method [7], the Weis
s–Tabor–Carnevale method [8], the tanh-function method [9],
the extended tanh-method [10,11], the modified extended
tanh-function method [12,13], the Jacobi elliptic function
expansion method [14], the extended Jacobi elliptic function
expansion rational method [15], the Exp-function method
[16–18], the truncated Painleve expansion method [19], the
homogeneous balance method [20–22] and so on. Recently,
the expðUðnÞÞ-expansion method [23–27] has also been used
Figure 1 Shape of ju1ðx; yÞj in x–y plane at (a) t ¼ 0, (b) t ¼ 10 and (c) t ¼ 30.
Figure 2 Shape of m1 in x–y plane at (a) t ¼ 0, (b) t ¼ 10 and (c) t ¼ 30.
1636 M.G. Hafezto find the exact traveling wave solutions of single nonlinear
PDEs. Moreover, many researchers [28–32] have investigated
the exact solutions of the coupled nonlinear PDEs, that is,the Maccari system, Higgs field equation, (1+1)-dimensional
nonlinear coupled Klein–Gordon–Zakharov equation, etc.
employing the Exp-function method [28], truncated expansion
Figure 3 Shape of ju2j in x–y plane at (a) t ¼ 0, (b) t ¼ 10 and (c) t ¼ 1000.
Figure 4 Shape of m2 in x–y plane at (a) t ¼ 0, (b) t ¼ 10 and (c) t ¼ 100.
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Figure 5 Shape of ju3j in x–y plane at (a) t ¼ 0, (b) t ¼ 10 and (c) t ¼ 30.
1638 M.G. Hafezmethod [29], first integral method [30], and conservative differ-
ence methods [31].
Many types of coupled Klein–Gordon–Zakharov equation
[27,31,33] have obtained to study the nonlinear propagation of
physical phenomena in physics, especially in plasma physics
and fluid dynamics. In order to get the plane wave solutions
for the coupled nonlinear evolution equations in three dimen-
sional space and time, we have modified the expðUðnÞÞ-
expansion method for solving (3+1)-dimensional coupled
nonlinear evolution equations. The aim of the present work
was to find the exact traveling wave solutions of (3+1)-
dimensional nonlinear coupled Klein–Gordon–Zakharov
equation. Thus, the paper is arranged as follows: Modification
of the expðUðnÞÞ expansion method is given in Section 2.
The traveling wave solutions of (3+1)-dimensional coupled
Klein–Gordon–Zakharov equation are depicted in Section 3.
The physical significances along with relevant discussion are
mentioned in Section 4. Finally, the conclusion is drawn in
Section 5.
2. Description of the modified exp(U(n))-expansion method
The general form of the nonlinear PDE can be written as
follows:
Fðu; ut; ux; uy; uz; uxx; uyy; uzz; utt; utx; . . .Þ ¼ 0; ð1Þ
where u ¼ uð~r; tÞ is an unknown function of x; y; z and t, F is a
polynomial in uð~r; tÞ and its derivative in which higher order
derivatives and nonlinear terms involved and the subscripts
stand for the partial derivatives.Now, combining the real variables x; y; z and t by a com-
pound variable n is as follows:
uð~r; tÞ ¼ uðnÞ; n ¼ ~P ~r xt; ð2Þ
Here ~P ¼ pi^þ qj^þ rk^, ~r ¼ xi^þ yj^þ zk^, where p; q; r are the
constant magnitude along the axes of x; y; z respectively and
x is the speed of the traveling wave. Using the traveling wave
variables transformation (2), Eq. (1) can be reduced to an ordi-
nary differential equation (ODE) for u ¼ uðnÞ:
Rðu; u0; u00; u000; . . .Þ ¼ 0; ð3Þ
where R is a polynomial of u and its derivatives and primes
indicate the ordinary derivatives with respect to n.
The traveling wave solution of Eq. (3) can be expressed as
follows:
uðnÞ ¼
XN
i¼0
AiðexpðUðnÞÞÞi; ð4Þ
where Ai ð0 6 i 6 NÞ are constants to be evaluated later, such
that AN – 0 and U ¼ UðnÞ satisfy the following ODE:
U0ðnÞ ¼ expðUðnÞÞ þ l expðUðnÞÞ þ k; ð5Þ
where k and l are arbitrary constants.
It is noted that Eq. (5) gives the following general solutions:
Type 1: When l – 0; H ¼ k2  4l > 0,
UðnÞ ¼ ln 
ﬃﬃﬃﬃ
H
p
tanh 0:5
ﬃﬃﬃﬃ
H
p ðnþ EÞ  k
2l
 !
ð6Þ
Figure 6 Shape of v3 in x–y plane at (a) t ¼ 0, (b) t ¼ 10 and (c) t ¼ 30.
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UðnÞ ¼ ln
ﬃﬃﬃﬃﬃﬃﬃﬃHp tan 0:5 ﬃﬃﬃﬃﬃﬃﬃﬃHp ðnþ EÞ  k
2l
 !
ð7Þ
Type 3: When l ¼ 0; k– 0, and H ¼ k2  4l > 0,
UðnÞ ¼  ln k
expðkðnþ EÞÞ  1
 
ð8Þ
Type 4: When l – 0; k– 0, and H ¼ k2  4l ¼ 0,
UðnÞ ¼ ln  2ðkðnþ EÞ þ 2Þ
k2ðnþ EÞ
 
ð9Þ
Type 5: When l ¼ 0; k ¼ 0, and H ¼ k2  4l ¼ 0,
UðnÞ ¼ ln nþ Eð Þ ð10Þ
where E is the integration constant.
The value of the positive integer N can be determined by
balancing the higher order derivative linear terms with the
nonlinear terms of the highest order that appeared in Eq.
(3). If the degree of uðnÞ is D½uðnÞ ¼ N, then the degree ofthe other expressions can be evaluated by the following
formulae:
D
dpuðnÞ
dnp
 
¼ Nþ p; D up d
quðnÞ
dnq
 s 
¼ Npþ sðNþ qÞ:
By substituting Eq. (4) into Eq. (3) and using (5) rapidly, one
can obtain a system of algebraic equations by equating all the
coefficients of expðUðnÞÞ to zero. The obtaining system can
be solved to find the value of A1;A2 . . . ;x; p; q; r with the help
of symbolic computation software such as Maple. Substituting
the values of A1;A2 . . . ;x; p; q; r into Eq. (4) along with general
solutions of Eq. (5) completes the determination of the solu-
tion of Eq. (1).
Advantages: The advantage of the proposed method over
other existing method is that it is provided the new exact trav-
eling wave solutions along with additional free parameters.
The exact solutions have its great importance to reveal
the inner mechanism of the natural physical phenomena. The
obtaining solutions of nonlinear evolution equations may be
helpful for the numerical solvers to compare the correctness
of their results and stability analysis. Various types of traveling
wave solutions are obtained when the related physical
Figure 7 Shape of ju4j in x–y plane at (a) t ¼ 0, (b) t ¼ 10 and (c) t ¼ 30.
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lation of the proposed scheme is much easier rather than the
other methods with the help of symbolic computation, such
as, Maple. The effectiveness of this method is provided in
the next section.
3. Application of the method
This section presents the application of the modified
expðUðnÞÞ-expansion method for finding the exact traveling
wave solutions of the (3+1)-dimensional coupled Klein–
Gordon Zakharov equation [33].
Let us consider the coupled Klein–Gordon–Zakharov
equation
utt  c20r2uþ f20uþ duv ¼ 0
vtt  c20r2v br2 uj j2 ¼ 0
)
: ð11Þ
Here uð~r; tÞ is a complex function describing the fast timescale
component of electric field raised by electrons. vð~r; tÞ is real
function indicating the deviation of ion density form its equi-
librium. The system of Eqs. (11) described the interaction of
the Langmuir wave and the ion acoustic wave in high fre-
quency plasma in plasma physics (more details in Ref. [30]).
To find out the wave packet solution, one can introduce the
following transformation:
uð~r; tÞ ¼ exp i ~k ~r Xt
	 
n o
UðnÞ; vð~r; tÞ ¼ VðnÞ; ð12Þwith ~k ~r ¼ k1xþ k2yþ k3z, n¼ ~P ~rxt¼ pxþqyþ rzxt,
where k1; k2; k3 are the constant magnitudes along the axes
of x; y; z respectively. By using Eq. (12) into Eq. (11), one
obtains the following coupled nonlinear ordinary differential
equations:
x2  c20P2
 
U00 þ 2i xX c20 k1pþ k2qþ k3rð Þ
 
U0
 x2  c20K2  f20
 
Uþ dUV ¼ 0
x2  c20P2
 
V00  bP2ðU2Þ00 ¼ 0
9>=
>;; ð13Þ
where K2 ¼ k21 þ k22 þ k23, P2 ¼ p2 þ q2 þ r2 and primes denote
the differentiation with respect to n.
If we set x ¼ c20X ~k  ~P, then Eq. (13) becomes
x2  c20P2
 
U00  x2  c20K2  f20
 
Uþ dUV ¼ 0
x2  c20P2
 
V00  bK2ðU2Þ00 ¼ 0
)
: ð14Þ
Integrating the second equation of (14) twice with respect to n,
we obtain
V ¼ C
x2  c20P2
 þ bK2
x2  c20P2
 U2 ð15Þ
where C is the integrating constant. By using (15) into the first
equation of (14), we obtain
x2  c20P2
 2
U00 þ x2  c20P2
  x2 þ c20K2 þ f20 þ dC U
þ dbK2U3 ¼ 0 ð16Þ
Figure 8 Shape of v4 in x–y plane at (a) t ¼ 0, (b) t ¼ 10 and (c) t ¼ 30.
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pole of this equation is N ¼ 1. Therefore, the expðUðnÞÞ-
expansion method allows us to use the solution in the follow-
ing form:
UðnÞ ¼ A0 þ A1 expðUðnÞÞ; A1 – 0 ð17Þ
where A0 and A1 are unknown constants. By means of Eq.
(17), Eq. (16) turns out into a polynomial of expðUðnÞÞ and
equating the coefficient of ðexpðUðnÞÞÞi; ði ¼ 0; 1; 2; 3Þ to
zero, we obtain a system of algebraic equations as follows:
dbK2A31 þ 2A1c40P4 þ 2x4A1  4x2c20P2A1 ¼ 0: ð18Þ
3A1x
4k 6A1x2c20P2kþ 3dbK2A0A21 þ 3A1c40P4k ¼ 0 ð19Þ
2A1x
4l 4A1x2c20P2lþ 3dbK2A20A1 þ dCA1 þ A1x4k2
þ x2c20P2A1  c20P2f20A1 þ A1c40P4k2 þ x2f20A1
 2A1x2c20P2k2  c40P2K2A1 þ x2K2 þ c20A1 þ 2A1c40P4l
 x4A1 ¼ 0 ð20Þ
 c40P2K2A02A1x2c20P2klþA1x4klþx2c20P2A0þx2K2c20A0
þdCA0þdbK2A30 c20P2f20A0þx2f20A0x4A0
þA1c40P4kl¼ 0 ð21ÞSolving the system algebraic Eqs. (18)–(21), we obtain the fol-
lowing set of solutions:
C ¼  1
2d
4x4l 8x2c20P2l x4k2lþ 2x2c20P2  2c20P2f20
 c40P4k2 þ 2x2f20 þ 2x2c20P2k2  2c40P2K2 þ 2x2K2c20
þ 4c40P4l 2x4A0 ¼
i
K
ﬃﬃﬃﬃﬃﬃﬃﬃ
2db
p c20P2  x2
 
k;
A1 ¼ i
K
ﬃﬃﬃﬃﬃﬃﬃﬃ
2db
p c20P2  x2
 
: ð22Þ
where B0; k and l are arbitrary constants.
Using (12), (15), (17) and (22), the traveling wave solutions
of the coupled Klein–Gordon–Zakharov equation are
obtained as follows:
When H ¼ k2  4l > 0; l – 0, we have
u1ð~r; tÞ ¼ ei ~k~rXtð Þ c20P2 x2
  ik
K
ﬃﬃﬃﬃﬃﬃﬃﬃ
2db
p

 i
K
ﬃﬃﬃﬃﬃﬃﬃﬃ
2db
p 2lﬃﬃﬃﬃ
H
p
tanh 0:5
ﬃﬃﬃﬃ
H
p ð~p ~rxtþ EÞ þ k
 !)
ð23Þ
Figure 9 Shape of ju5j in x–y plane at (a) t ¼ 0, (b) t ¼ 10 and (c) t ¼ 30.
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x2  c20P2
  bK2 x2  c20P2  kK ﬃﬃﬃﬃﬃﬃﬃﬃ2dbp

 1
K
ﬃﬃﬃﬃﬃﬃﬃﬃ
2db
p 2lﬃﬃﬃﬃ
H
p
tanh 0:5
ﬃﬃﬃﬃ
H
p ð~p ~rxtþEÞ þ k
 !)2
ð24Þ
When H ¼ k2  4l < 0, we have
u2ð~r; tÞ ¼ ei ~k~rXtð Þ  c20P2 x2
  ik
K
ﬃﬃﬃﬃﬃﬃﬃﬃ
2db
p þ i
K
ﬃﬃﬃﬃﬃﬃﬃﬃ
2db
p

 2lﬃﬃﬃﬃﬃﬃﬃﬃHp tan 0:5 ﬃﬃﬃﬃﬃﬃﬃﬃHp ð~p ~rxtþEÞ  k
 !)
ð25Þ
v2ð~r; tÞ ¼ C
x2 c20P2
 bK2 x2 c20P2  kK ﬃﬃﬃﬃﬃﬃﬃﬃ2dbp þ 1K ﬃﬃﬃﬃﬃﬃﬃﬃ2dbp

 2lﬃﬃﬃﬃﬃﬃﬃﬃHp tan 0:5 ﬃﬃﬃﬃﬃﬃﬃﬃHp ð~p ~rxtþEÞ  k
 !)2
ð26Þ
When k2  4l > 0; l ¼ 0, we have
u3ð~r; tÞ ¼ ei ~k~rXtð Þ c20P2 x2
 
 ik
K
ﬃﬃﬃﬃﬃﬃﬃﬃ
2db
p þ i
K
ﬃﬃﬃﬃﬃﬃﬃﬃ
2db
p k
exp kð~p ~rxtþEÞf g 1
  
ð27Þv3ð~r; tÞ ¼ C
x2  c20P2
  bK2 x2  c20P2  kK ﬃﬃﬃﬃﬃﬃﬃﬃ2dbp  1K ﬃﬃﬃﬃﬃﬃﬃﬃ2dbp

 k
exp kð~p ~r xtþ EÞf g  1
 2
ð28Þ
When l – 0; k – 0, and k2  4l ¼ 0, we have
u4ð~r; tÞ ¼ ei ~k~rXtð Þ  c20P2 x2
 
 ik
K
ﬃﬃﬃﬃﬃﬃﬃﬃ
2db
p  i
K
ﬃﬃﬃﬃﬃﬃﬃﬃ
2db
p  k
2 kð~p ~rþEÞf g
2 kð~p ~rxtþ EÞf g þ 4
  
ð29Þ
v4ð~r; tÞ ¼ C
x2  c20P2
  bK2 x2  c20P2  kK ﬃﬃﬃﬃﬃﬃﬃﬃ2dbp  1K ﬃﬃﬃﬃﬃﬃﬃﬃ2dbp

 k
2ð~p ~rþ EÞ
2 kð~p ~r xtþ EÞf g þ 4
 
ð30Þ
When l ¼ 0; k ¼ 0, and k2  4l ¼ 0, we have
u5ð~r; tÞ ¼ ei ~k~rXtð Þ  c20P2  x2
 
 ik
K
ﬃﬃﬃﬃﬃﬃﬃﬃ
2db
p  i
K
ﬃﬃﬃﬃﬃﬃﬃﬃ
2db
p 1
~p ~r xtþ E
  
ð31Þ
v5ð~r; tÞ ¼ C
x2  c20P2
  bK2 x2  c20P2 
 k
K
ﬃﬃﬃﬃﬃﬃﬃﬃ
2db
p  1
K
ﬃﬃﬃﬃﬃﬃﬃﬃ
2db
p 1
~p ~r xtþ E
  2
ð32Þ
Figure 10 Shape of v5 in x–y plane at (a) t ¼ 0, (b) t ¼ 10 and (c) t ¼ 30.
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to understand the interaction of the Langmuir wave and the
ion acoustic wave in high frequency plasma in plasma physics.
The physical significances of these solutions are also described
in the next section.4. Physical significance
This section presents the physical explanation of traveling wave
solutions to the coupled Klein–Gordon–Zakharov equation
in the x–y plane for different values of time t. The coupled Kl
ein–Gordon–Zakharov equation are given various types of
traveling wave propagation in the x–y plane, such as, kink type,
singular kink type, soliton type, cupson type and bell type soli-
tary waves as well as periodic traveling waves. It is noted the
delicate balance between linear and nonlinear effects on the
solitons solution which are fully interacting with others and
come back with the same speed and shape. That is, the ampli-
tude, velocity and wave shape of solitons remain unchanged
after nonlinear interaction and showing completely elastic col-
lisions. However, some solutions of coupled Klein–Gordon–Z
akharov equation in the x–y plane for different values of
time among solitonic excitations are not completely elastic,
because their shapes are changed after their interactions. Thus,the traveling wave solutions are described physically with
elastic property and presented graphically in Figs. 1–10.
The shape of the solutions u1 and v1 of the coupled
Klein–Gordon–Zakharov equation is presented in Figs. 1
and 2 respectively with some fixed parametric values k1 ¼ 2,
k2 ¼ 1, k3 ¼ 2, p ¼ 1, q ¼ 1, r ¼ 1, c0 ¼ 0:1, E ¼ 1, k ¼ 8,
l ¼ 2, f0 ¼ 1, X ¼ 5, d ¼ 5, and b ¼ 3 at times t ¼ 0, 10, 25.
From Figs. 1 and 2, it is observed that the traveling wave solu-
tions u1 and v1 initially form kink type soliton in the x–y plane.
Kink waves are special type of traveling waves which come up
from one asymptotic state to another. It is also observed that
the amplitude and shape of these waves become smaller and
smaller after interactions. At the final state, they reduce to
zero, which shows that the solitonic excitations are not com-
pletely elastic.
Figs. 3 and 4 show the wave profiles corresponding to the
solutions u2 and v2 considering the fixed values of the
parameters k1 ¼ 2, k2 ¼ 1, k3 ¼ 2, p ¼ 1, q ¼ 1, r ¼ 1,
c0 ¼ 0:1, E ¼ 1, k ¼ 4, l ¼ 6, f0 ¼ 1, X ¼ 0:5, d ¼ 5, and
b ¼ 3 for different values of t ¼ 0, 10, 1000. The exact
solutions u2 and v2 of Eq. (11) are represented periodic wave
solutions in the x–y plane for different values of t. It is shown
that the periodic wave solutions remain unchanged. That is,
the periodic wave solution is completely elastic solution after
nonlinear interaction.
1644 M.G. HafezFigs. 5 and 6 present the wave profiles corresponding to u3
and v3 with fixed parametric values k1 ¼ 2, k2 ¼ 1, k3 ¼ 2,
p ¼ 1, q ¼ 1, r ¼ 1, c0 ¼ 0:1, E ¼ 1, k ¼ 0:1, l ¼ 0, f0 ¼ 1,
X ¼ 5, d ¼ 5, and b ¼ 3 for t ¼ 0, 10, 30. The exact solutions
u3 and v3 of Eq. (11) initially formed bell type solitary wave in
the x–y plane. The amplitude and width of these waves also
become smaller and smaller after interaction according to
increase of time t. It is investigated that the shapes of the bell
type solitary wave are changed, but the wave propagation of
plasma does not reduce to zero.
Figs. 7 and 8 exhibit the wave profiles of u4 and v4 with
fixed parametric values k1 ¼ 2, k2 ¼ 1, k3 ¼ 2, p ¼ 1, q ¼ 1,
r ¼ 1, c0 ¼ 0:1, E ¼ 1, k ¼ 1, l ¼ 2, f0 ¼ 1, X ¼ 5, d ¼ 5;
and b ¼ 3 at times t ¼ 0, 10, 30. The exact solutions u4 and
v4 of Eq. (11) initially represented singular kink traveling wave
solutions in the x–y plane.
Figs. 9 and 10 present the wave profiles of the solutions u5
and v5 taking the fixed values of the parameters k1 ¼ 2,
k2 ¼ 1, k3 ¼ 2, p ¼ 1, q ¼ 1, r ¼ 1, c0 ¼ 0:1, E ¼ 1, k ¼ 0,
l ¼ 0, f0 ¼ 1, X ¼ 5, d ¼ 5, and b ¼ 3 for t ¼ 0, 10, 1000.
The exact solutions u5 and v5 of Eq. (11) are initially repre-
sented cupson and soliton wave propagation respectively in
the x–y plane. Cupson is a special type of soliton wave
propagation.
5. Conclusion
The modified expð/ðnÞÞ-expansion method has been imple-
mented to construct the new explicit solutions of the coupled
(3+1) dimensional Klein–Gordon-Zakharov equation. The
hyperbolic, trigonometric, exponential and rational function
type traveling wave solutions are obtained considering the
fixed values of the related parameters. The annihilation phe-
nomena of the wave propagation in the x–y plane are also
described. It is observed that the soliton solutions of kink type
are not completely elastic, but the periodic traveling wave solu-
tions are completely elastic. It can be concluded that the
method presented here is very effective to solve many other
nonlinear evolution equations. In future, this method may be
applied to find the analytical solutions of the (3+1)-
dimensional KdVB equation for investigating the oblique
propagation of wave dynamics in plasma physics. Those
results will be reported in future publications.
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